Using the Keldysh Green function technique, we calculate the finite-frequency correlator between the electrical current and the heat current flowing through a quantum dot connected to reservoirs. At equilibrium, we find that this quantity, called mixed noise, is linked to the thermoelectric acconductance by the fluctuation-dissipation theorem. Out-of-equilibrium, we discuss its spectrum and find evidence of the close relationship between the mixed noise and the thermopower. We study the spectral coherence and identify the conditions to have a strong correlation between the electrical and heat currents. The change in the spectral coherence due to the presence of a temperature gradient between the reservoirs is also highlighted.
I. INTRODUCTION
The electrical noise spectrum in quantum systems is accessible experimentally through very sensitive techniques such as spectrum analyzer 1,2 , use of a superconductorinsulator-superconductor tunnel junction as an on-chip spectrum analyzers 3 and measurement of photon emission spectrum 4 . It exists also a proposal to measure the heat statistics in quantum devices 5 . Given the fast progress of detection techniques, it is not forbidden to imagine that in the next few years, the measurement of the noise correlator between the electrical current and the heat current (mixed noise) would be possible. In parallel, calculations of finite-frequency electrical-heat mixed noise are needed for quantum systems. There exist very few works on the zero-frequency mixed noise [6] [7] [8] [9] [10] and not even one concerning the finite-frequency mixed noise. Theoretically, the studies are limited to the electrical noise spectrum (see [11] [12] [13] and references therein), to the energy noise spectrum [14] [15] [16] , to the statistics of the energy current in the presence of time-dependent excitation 17, 18 , and to the heat noise spectrum 19 . This is regrettable since it has been shown recently that the zerofrequency mixed noise contains information on the thermoelectric response of the system 9, 10 : it gives the figure of merit in the linear response regime and it is related to the thermoelectric efficiency in the weak transmission regime (Schottky regime). At finite-frequency, the mixed noise should bring information on the dynamics of the thermoelectric conversion, in particular on the thermoelectric response of time-modulated systems, which is the study of an increasing number of works [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] . In this paper, we fill this lacuna by calculating the mixed noise spectrum of a quantum dot (QD) using the Keldysh outof-equilibrium Green function technique. We focus on the non-symmetrized noise spectrum since this is the quantity which is relevant for quantum systems, due to the fact that the current operators do not commute with each other 3, 30, 31 .
The paper is organized as follows: We present the model and give the definition of electrical and heat currents in Sec. II. The results for the noise spectra are presented in Sec. III, and discussed in Sec. IV. We conclude in Sec. V. 
III. NOISE SPECTRUM
The non-symmetrized noise spectrum is defined as 
where S αβ (ω), corresponding to the correlators between the electrical current and the heat current, and (iii) the heat noise, S 11 αβ (ω), corresponding to the correlator between the heat current and itself. We first compute the time-correlator S pq αβ (t, t ′ ) using the Keldysh out-of-equilibrium formalism 35 , and next calculate its Fourier transform in order to get S pq αβ (ω). To achieve this task, we insert the current operator, given by Eq. (3), in the definition of the noise, given by Eq. (4), and perform the calculation of the average of the product of four creation/annihilation operators, making the following assumptions: non-interacting electrons, wideband approximation, and symmetrical coupling strength between the reservoirs and the QD (i.e., symmetrical left and right barriers). The details of the calculation are given in the Appendix A. The final expression of finitefrequency non-symmetrized noise we obtain is
with
and
where
R (ε)]/2 is the average left and right distribution, t(ε) is the transmission amplitude, and T (ε) = |t(ε)| 2 is the transmission coefficient. The transmission amplitude is related to the retarded Green function of the QD, G r (ε), through the relation t(ε) = iΓG r (ε), where Γ is the coupling strength between the QD and the reservoirs 13 .
Equation (5) gives the electrical noise when p = q = 0, it gives the mixed noise when either p = 0 and q = 1, or vice versa, and it gives the heat noise when p = q = 1. S pq αβ (ω) is a real quantity when p = q and α = β (auto-correlator), but can be complex otherwise (cross-correlator). We have checked that the electrical noise S 00 αβ (ω) extracted from Eq. (5) coincides with the results of the literature 13, 36 , and that the heat noise S 11 αβ (ω) extracted from Eq. (5) coincides with the existing results of the literature in the limit of energy-independent transmission amplitude 14 . The expressions for the mixed noises S 01 αβ (ω) and S 10 αβ (ω) are novels. This is the central result of this paper. It is valid at any frequency ω, coupling strength Γ between the QD and the reservoirs, QD energy level ε d , and for any temperature and voltage gradients between the left and right reservoirs.
In the following, we choose first to restrict our study to the case where temperatures for the left and right reservoirs are equal, T L = T R = T , and for ε d = 0 (electronhole symmetry point), and we discuss the mixed noise spectrum in three situations: (i) at equilibrium, (ii) for energy-independent transmission amplitude, and (iii) for an Anderson-type transmission amplitude. In the latter case, we also discuss the spectral coherence in the presence of a temperature gradient between the two reservoirs.
IV. DISCUSSION

A. At equilibrium
At equilibrium, i.e., µ L = µ R = ε F , where ε F is the Fermi energy for electrons in the reservoirs, and for equal left and right reservoir temperatures, i.e., T L = T R = T , we have from Eqs. (5)-(8)
since for isothermal reservoirs at equilibrium, we have f
M (ε). From Eq. (9), it can be shown using S pq αβ (−ω) = e ω/kBT S qp αβ (ω) that the noise spectrum obeys the relation
is the BoseEinstein distribution function. Removing the reservoirs' index and using the definitions 37 of the electrical ac-conductance, G(ω) = [S 00 (−ω) − S 00 (ω)]/2 ω, the thermal ac-conductance K(ω) = [S 11 (−ω) − S 11 (ω)]/2 ωT , and the thermoelectric ac-conductance,
ωT which is the product of the ac-thermopower (i.e., Seebeck coefficient) by the electrical ac-conductance, we establish that the noises are related at equilibrium to the ac-conductances through the following fluctuation-dissipation relations
Through these relations, we can state that in a similar way that the finite-frequency electrical noise contains information on the dynamics of the charge transfer, the finite-frequency heat noise contains information on the dynamic of the heat transfer (since G(ω) and K(ω) are the response to an excitation modulated in time). Moreover, Eq. (15) confirms the key role played by the mixed noise S 01 (ω) to quantify the thermoelectric conversion. Note that in the limit of zero-frequency, Eqs. (14)- (16) reduce to the relations given in Ref. 9 , since we have in that limit N ( ω) → k B T / ω.
B. Energy-independent transmission
For an energy-independent transmission amplitude, t, the real parts of the electrical, mixed, and heat noise spectra are given by Fig. 2 in the low-temperature limit. We do not plot their imaginary parts whose magnitudes are smaller with a factor 100 comparing to the ones of the real parts. Let us now discuss the features appearing on Fig. 2 . First, we notice that similarly to the electrical noise, which cancels when the frequency is larger than the voltage, ω > eV , the mixed and heat noises cancel as well. The reason is the following: knowing that the noise is called emission noise at positive frequency and absorption noise at negative frequency 38 , we understand that the system can not emit an energy larger than the energy provided to it, here the voltage since temperature is taken small. Second, we observe that the electrical noise varies linearly or by plateaus with both voltage and frequency, due to the fact that when transmission is energy independent, the system works in the linear regime. Third, the mixed noise can change its sign whereas the electrical and heat noises keep a single sign. Fourth, the electrical and mixed correlators between distinct reservoirs, S In the limit of weak or perfect transmission, i.e., T ≪ 1 or T = 1 respectively, the integration over energy in Eq. (5) can be performed analytically (see Appendix B for the details of the calculation). The expressions of the noises, which are all real in these limits, are given in Table I. These expressions constitute a generalization of the fluctuation-dissipation theorem to an out-of-equilibrium situation since the Bose-Einstein distribution function is estimated at frequency shifted by ±eV / . Concerning the electrical noise, its expression at T ≪ 1 is in full agreement with the result of perturbative calculations 40 . Concerning the mixed and heat noises expressions, there is no previous work to compare in the literature. Note that at zero-voltage, the mixed noise cancels in both limits (T ≪ 1 and T = 1) but not in the intermediate regime: the mixed noise is then given by Eq. (15) which is a priori non-zero. It is also worth to notice that S 11 αβ (ω) contains a contribution which is proportional to S 00 αβ (ω) with a proportionality factor equal to
2 is the Lorenz number. Since in certain limits, the heat noise is related to the thermal conductance and the electrical noise to the electrical conductance, as through Eqs. (16) and (14) at equilibrium for example, it is not surprising to find a relation which involves the Lorenz number between the heat noise and the electrical noise thanks to the WiedemannFranz law, or between the thermal conductance and the electrical noise as obtained in Ref. 41 . Table I gives also the sum over reservoirs of the electrical, mixed, and heat noises, αβ S pq αβ (ω). Contrary to the total electrical and mixed noises, which are equal to zero in the limits we consider (no charging effect on the QD), the total heat noise takes a finite value which indeed corresponds to the heat power fluctuations. At zerofrequency, the power fluctuations are conserved, i.e., the heat power fluctuations are equal to the electrical power fluctuations 9 . It is also true at finite-frequency provided that T = 1, since in that limit we have from Table I 
Type of noise
Notation
TABLE I: Expressions of the electrical, mixed, and heat noises in the energy-independent weak/perfect transmission limits 42 . We haveᾱ = R when α = L, and vice versa. The total electrical, mixed and heat noises summed over both reservoirs are also given. The details of the calculations are performed in Appendix B.
C. Anderson-type energy transmission
For an Anderson-type transmission amplitude of the form
, both the real and imaginary parts of the electrical, mixed, and heat noise spectra are given by Fig. 3 in the low temperature limit. Note that the imaginary parts of S 00 LL (ω) and S 11 LL (ω) are both zero since the auto-correlators are real quantities, and that the real and imaginary parts of the cross-correlators are of the same order of magnitude, contrary to the energy independent transmission case. The main observation is the dramatically distinct spectra that we have for the auto-correlators, S 00 LL (ω) and S 11 LL (ω), in comparison to the cross-correlators, S pq αβ (ω) with p = q or/and α = β. Whereas the auto-correlator spectra are quite similar to the ones obtained in the case of an energy-independent transmission amplitude (compare to Fig. 2 ), excepted an additional structure in the region of small positive frequency, the cross-correlator spectra exhibit the following features: (i) their sign can change, (ii) it appears a new region with specific behavior close to small frequency, but (iii) we still have a cancellation of the noises for ω > eV , again due to the fact that the system can not emit energy larger than the one provided to it. We remark that in any situations, those depicted in Figs. 2 and 3 and those summarized in Table I , the mixed noise cancels at zero-voltage, meaning that the cancellation of the ratio −V /∆T , which is equal to the Seebeck coefficient S T for open circuit, causes the cancellation of the mixed noise. This is one evidence that thermopower and mixed noise are closely connected. To have a deeper insight in the electrical, mixed, and heat noises, we plot their real and imaginary parts as a function of frequency at weak coupling strength Γ, for increasing temperatures in Figs. 4 and 5. All the types of noise exhibit an asymmetric spectrum at low temperature (red curves) and a nearly symmetrical spectrum at large temperature with a vanishing imaginary part (black curves), due to the fact that when the temperature increases we are leaving the quantum regime. Thus, at large temperature, it is no longer necessary to make the distinction between non-symmetrized and symmetrized noises since the currents are no longer operators but just scalars (classical regime). The electrical and heat auto-correlators (see Figs. 4(a) and 4(b)) are real and positive quantities. The electrical auto-correlator, S 00 LL (ω), is strongly frequency dependent at low temperature with a down staircase-like behavior starting from the value 2πΓe
2 /h and going to the value 0 (see red curve in Fig. 4(a) ), but resembles to a white noise at large temperature 43 with a constant value equals to πΓe 2 /h, except in a narrow low frequency region (see black curve in Fig. 4(a) ). At large temperature, the heat auto-correlator, S 11 LL (ω), presents a power-law variation with frequency, given by 2 ω 2 πΓ/h (see black curve in Fig. 4(b) ) whereas the real part of S trical and heat cross-correlators, depicted in Figs. 4(c)-4(f), are complex quantities whose imaginary parts cancel at large temperature (black curves), making the crosscorrelators real quantities in that limit. The electrical auto-correlator and the real part of the electrical crosscorrelator have distinct profiles but coincide at zerofrequency in absolute value since due to charge conservation we have S 00 LL (ω = 0) = −S 00 LR (ω = 0) = πΓe 2 /2h in that limit. We turn now our interest to the mixed noise depicted in Fig. 5 . Similarly than for electrical and heat noises, increasing the temperature changes the mixed spectrum from an asymmetric profile to a symmetric profile with frequency, and cancels its imaginary part, again due to the fact that we are leaving the quantum regime. At low temperature, we also see that the imaginary parts of the mixed noises, S 01 LL (ω) and S 01 LR (ω), have a staircase-like profile which is a reminiscent of the electrical noise autocorrelator (compare Figs. 5(c) and 5(d) to Fig. 4(a) ). Besides, the real parts of the mixed noises present quite particular profiles at low temperature: a linear profile in frequency for S 01 LL (ω) (see the red curve in Fig. 5(a) ) and vanishing value when | ω| > |eV | for S 01 LR (ω) (see the red curve in Fig. 5(b) ). At large temperature, S 01 LL (ω) becomes frequency independent with an asymptotic value equal to −πΓe 2 V /h, and S 01 LR (ω) cancels 43 . Here again, we find that the mixed noise is related to the Seebeck coefficient S T , since both quantities vary linearly with voltage. For completeness, we discuss the spectral coherence of the cross-correlators, defined as C 2). In the weak coupling strength limit, we remark that C pq α =β (ω) is equal to zero at negative frequency, meaning that the absorbed signals in distinct reservoirs are uncorrelated. Moreover, we see in Fig. 6(a) that the left and right electrical currents are well correlated only at zero-frequency, i.e., in the largetime limit, due to charge conservation which imposes C 00 LR (ω = 0) = C 00 LL (ω = 0) = 1. When the coupling strength increases, the spectral coherence C 00 LR (ω) is broadened to non-zero frequencies (see Fig. 6(b) ) and can even reach 40% at positive frequencies, an effect which is amplified around ω = eV when a temperature gradient is applied (see red curve in Fig. 6(b) ). Fig. 6(f) ). This result allows us to make the prediction that the thermoelectric conversion could be optimal when the voltage applied to the QD is time-modulated with a frequency equals to the dc-voltage, i.e., eV / . This effect is, however, suppressed in the presence of a temperature gradient (see green and red curves in Fig. 6(f) ). On the contrary, C 11 LR (ω) can be increased at high frequency by the application of a temperature gradient (see Fig. 6(h) ).
V. CONCLUSION
We have used the Keldysh out-of-equilibrium Green function technique to calculate the finite-frequency mixed noise, and have shown that its spectrum presents a rich and specific profile, which differs from the ones of the electrical and heat noises. At equilibrium, it is related to the thermoelectric ac-conductance, meaning that the finite-frequency mixed noise gives access to the dynamics of the thermoelectric conversion. Out-of-equilibrium, by a careful study of the spectral coherence, we find that the electrical current in one reservoir is strongly correlated to the heat current in the other reservoir when the frequency is of the order of the applied voltage. The method developed here constitutes an adequate framework which can be used in future works on this quantity in more complicated quantum systems, including multiterminals, multi-channels, and interactions in some ex-tent.
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(A1) Defining the following greater two-particle Green functions
and using the Keldysh formalism 35 , the non-equilibrium contour-ordered counterparts of the correlation function can be expressed in terms of G cd i (τ, τ ′ ), the contourordered counterparts of the two-particle Green functions, G cd,> i
The next step is to express the two-particle Green functions, G cd i , mixing c and d operators in terms of the twoparticle Green functions of the QD, G dd i , and of the bare Green function of the reservoirs, g kα . We have
Injecting the above expressions of G cd i in Eq. (A2), we get
is the one-particle Green function of the QD. b. Evaluation of the two-particle Green functions G dd i using decoupling procedure
In the absence of Coulomb interactions, we can express fully the two-particle Green functions of the QD, G dd i (τ, τ ′ , τ 1 , τ 2 ), in terms of the one-particle Green function of the QD, G(τ, τ ′ ), through
Injecting these four expressions in Eq. (A3), we obtain a result which can be separated into two parts, a connected part and a disconnected part
The disconnected part can be calculated directly. We obtain
c. Analytic continuation of the connected part
We perform now the analytic continuation of Eq. (A6) to get its τ > τ ′ component
The five P i (t, t ′ ) contributions are computed using analytic continuation rules 32 . Their expressions are given in Table II . Using these notations, the noise reads as
2. Finite-frequency non-symmetrized noise S Performing the Fourier transform of Eq. (A7) and using the fact that in the stationary case the Green functions depend on the difference of their time arguments only, we obtain:
where the expressions of P i (ω) are given in Table III . Using the expressions of the bare Green functions of the reservoirs, g > kα (ε) and g < kα (ε), in terms of the Fermi-Dirac distribution function for electrons, f e α (ε), and FermiDirac distribution function for holes, f
we can rewrite Eq. (A8) under the form
where we have introduced the two following functions
with ρ α (ε) the density of states associated to the reservoirs α, and Γ α = 2π|V α (ε)| 2 ρ α (ε), the coupling strength between the QD and the reservoir α.
Note that Eq. (A11), given S pq αβ (ω), has been obtained without making any approximation at this stage: it is the exact result for a non-interacting QD. To continue further the calculation, we make two simplifying assumptions: (i) wide-band limit, i.e., we are working on an interval of energy in which the density of states is constant, ρ α (ε) = cst, and we assume as well that V α (ε) is energy independent, consequently, we have Γ α (ε) = 2π|V α (ε)| 2 ρ α (ε) ≡ Γ α , and (ii) symmetrical barriers, i.e., we assume that the left and right barriers are symmetrical (Γ L = Γ R ≡ Γ). In that case, we have the remarkable relation 13 : t(ε) + t * (ε) = 2T (ε), with t(ε) = iΓG r (ε), the transmission amplitude and T (ε), the transmission coefficient. Within these two simplifying assumptions, we have
Injecting these two last expressions in Eq. (A11), rearranging the terms, and using the relations 32,44
We finally get
where the coefficients A α (ε, ω), B α (ε, ω), C α (ε, ω), D α (ε, ω), and E α (ε, ω) are given in Table IV . Equation (A14) leads to the Eqs. (5)- (8) once we define
Appendix B: Noise spectrum for t and T independent of energy
In case of independent energy transmission amplitude and coefficient, Eqs. (5)- (8) reduce to
with the coefficients M 1/2 is the imaginary part of t, T being the real part of t. These real and imaginary parts are extracted from the two relations: tt * = T and t + t * = 2T . 
Preliminary calculations
In the following sections, we will meet the integral
with n = 0, 1 or 2. Here, we calculate this integral considering the isothermal case, T L = T R ≡ T , thus 
To go further, we perform a Taylor expansion up to the third order with x = ω, µ γ or µ δ . It leads to
. The calculation of these integrals gives
Finally, we get
2. Limit of weak transmission T ≪ 1
In this subsection, we give the calculation of the expressions appearing in the first column of Table I .
a. Electrical noise spectrum
We calculate only S 00 LL (ω) since when t and T are independent of energy, we have the relations
which gives
It reduces at equilibrium (zero-voltage) to
and at zero-temperature to
since we have N (x) = −Θ(−x) when T → 0.
b. Mixed noise spectrum
We start from
It reduces to S 01 LL (ω) = 0 at equilibrium (zero-voltage) and to
at zero-temperature.
c. Heat noise spectrum
We start from 
which gives for S 11 LL (ω)
LR + I 
We report the expressions of the integrals given by Eqs. (B12)-(B14) and factorize the various contributions. It gives
which reduces at equilibrium (zero-voltage) to
and at zero-temperature to 
LR − I 
and at zero-temperature to In this subsection, we give the calculation of the expressions appearing in the second column of Table I . 
